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Abstract
We present several results regarding the connectivity of McKay quivers of
finite-dimensional complex representations of finite groups, with no restriction
on the faithfulness or self-duality of the representations. We give examples of
McKay quivers, as well as quivers that cannot arise as McKay quivers, and
discuss a necessary and sufficient condition for two finite groups to share a
connected McKay quiver.
1 Introduction
LetG be a finite group, and let σ1, . . . , σr be the non-isomorphic irreducible represen-
tations of G over C, with σ1 the trivial representation. Let V be a finite-dimensional
complex vector space and ρ : G→ GL(V ) a representation of G. We define a matrix
Aρ(G) = (aij)
r
i,j=1, where aij are the non-negative integers such that
ρ⊗ σi =
r⊕
j=1
σ
⊕aij
j .
Call Aρ(G) the McKay matrix of G. We further define Γρ(G) to be the quiver with
vertices v1, . . . , vr and with aij (directed) edges from vi to vj. Call Γρ(G) the McKay
quiver of G. The vertices of Γρ(G) are in natural bijection with the irreducible
representations of G, with vi the vertex corresponding to σi. By convention, we may
replace a pair of opposite-pointing directed edges with a single undirected edge, and
a quiver is said to be undirected if it can be made undirected by this process.
The construction ofAρ(G) and Γρ(G) was introduced by John McKay in [11]. McKay
observed several properties of Aρ(G), most notably that its eigenvectors are the
columns of the character table for G, with the character values of ρ the corresponding
eigenvalues. He went on to note that in the special case that G is a finite subgroup
of SU(2) and ρ : G ↪→ GL2(C) the natural inclusion into GL2(C), Γρ(G) is one
of the extended Dynkin diagrams of type A, D or E. Moreover, this induces a
bijection between the isomorphism classes of finite subgroups of SU(2) and such
Dynkin diagrams, now known as the McKay correspondence. As a corollary, this
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provides a description of the eigenvectors of the extended Cartan matrices, as these
are of the form 2I − Aρ(G).
To place McKay’s result in historical context, it should be noted that it was already
known that the (unextended) Dynkin diagrams of types A, D and E classified the
Kleinian singularities : singularities formed by quotienting C2 by the natural action
of a finite subgroup of SU(2). Such singularities were studied by Klein [10] and
Du Val [6]. That the representation-theoretic view gave the same bijection as the
Kleinian singularities was an empirical observation, and various explanations of
this connection have since been given, for example by Steinberg [13] and Gonzalez-
Sprinberg and Verdier [8].
Others have generalised the correspondence, both from the representation-theoretic
and algebro-geometric viewpoints. On the representation-theoretic side, Auslander
and Reiten [1] provide a generalisation to arbitrary two-dimensional representations,
Happel, Preiser and Ringel [9] to arbitrary fields whose characteristics do not divide
|G|, Butin and Perets [4] to finite subgroups of SL3(C), and Butin [3] to finite
subgroups of SL4(C).
However, there has been little investigation of the McKay quivers of non-faithful
representations. While McKay [11] states without proof that Γρ(G) is connected if
and only if ρ is faithful, and Happel, Preiser and Ringel [9] show that the vertices
in the connected component containing v1 are precisely the vertices corresponding
to representations that factor through G/ ker ρ, both papers narrow their focus to
the faithful case shortly thereafter.
In this paper, we generalise the above connectivity results. We show that strongly
and weakly connected components of McKay quivers coincide (Proposition 3.1),
we provide a necessary and sufficient condition for two vertices to lie in the same
connected component (Proposition 3.1), and we determine how many connected
components a McKay quiver has (Proposition 3.10). We describe the connected
component containing v1, and in certain cases, the other connected components
(Propositions 4.2 and 4.3). Finally we consider when two finite groups G1 and G2
can share a McKay quiver Γρ1(G1)
∼= Γρ2(G2) for some faithful representations ρi of
Gi (Proposition 5.5).
Throughout, we provide examples of McKay quivers, connected components of
McKay quivers, and quivers that cannot arise as McKay quivers.
Acknowledgements. This paper is based on an undergraduate project supervised
by Anthony Henderson at the University of Sydney, and the author is extremely
grateful for a year of patient help and guidance.
2 Directedness and weightability
For a quiver Q, write A(Q) for the adjacency matrix of Q (that is, the matrix
whose (i, j)-entry is the number of arrows from the ith to the jth vertex of Q). For
example, A(Γρ(G)) = Aρ(G). All quivers are assumed to be finite.
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Let χρ be the character of ρ, and let χ1, . . . , χr be the characters of σ1, . . . , σr
respectively. Write 〈−,−〉 for the inner product on class functions of G.
Since the classification of finite subgroups of SU(2) is known, it is possible to verify
the McKay correspondence by direct computation. However, we can also use basic
properties of McKay quivers to show that the McKay quiver of a finite subgroup of
SU(2) must be one of the extended Dynkin diagrams of types A, D or E, without
making any direct calculations. To do this, we will use a characterisation of the
extended Dynkin diagrams of types A, D and E, for which we require the following
definition.
Definition 2.1. For a positive integer k, we say that a quiver Q is k-weightable if
A(Q) has a k-eigenvector whose components are positive integers. Such an eigenvec-
tor is called a k-weight vector of Q. We can view a k-weight vector as a function on
the vertices of Q, assigning to the ith vertex of Q the ith component of the k-weight
vector; call such a function a k-weighting and call the values it takes weights. We
say that Q is weightable if it is k-weightable for some k.
We now give a characterisation of the extended Dynkin diagrams of types A, D and
E (see [9, Theorem 2] for a proof).
Proposition 2.2. The extended Dynkin diagrams of types A, D and E are precisely
the finite, connected, undirected quivers that are 2-weightable.
The fact that the McKay quivers of finite subgroups of SU(2) are connected, undi-
rected and 2-weightable follows from more general properties of McKay quivers that
we state in this section and the next.
We begin with 2-weightability. This is a special case of the following observation
due to McKay [11].
Proposition 2.3. The eigenvectors of Aρ(G) are the columns of the character table
for G, and the eigenvalue corresponding to a column is the value of χρ in that column.
Proof. For each i, by definition of Aρ(G) = (aij)
r
i,j=1, we have
r∑
j=1
aijχj = χρχi,
and so for any group element g ∈ G, we have
Aρ(G)(χj(g))
r
j=1 =
(
r∑
j=1
aijχj(g)
)r
i=1
= χρ(g)(χi(g))
r
i=1.
Corollary 2.4. The McKay quiver Γρ(G) is (dim ρ)-weightable. In particular, if ρ
is the inclusion of a finite subgroup of SU(2), then Γρ(G) is 2-weightable.
Proof. The column of the character table corresponding to the identity element of
G has positive integer entries, and by Proposition 2.3 it is a (dim ρ)-eigenvector of
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Aρ(G). In the case of finite subgroups of SU(2), dim ρ = 2 so we have 2-weightability.
A quiver is undirected if and only if its adjacency matrix is symmetric and the
diagonal entries are even (to avoid directed self-loops). Symmetry of the adjacency
matrix is easy to understand in the case of McKay quivers; this observation is also
due to McKay [11].
Write ρ∗ for the dual representation of ρ.
Proposition 2.5. The quivers Γρ(G) and Γρ∗(G) differ by a reversal of the arrows;
that is, Aρ(G)
T = Aρ∗(G). Moreover, Aρ(G) is symmetric if and only if ρ is self-
dual.
Proof. Writing aij and a
∗
ij for the (i, j)-entries of Aρ(G) and Aρ∗(G) respectively, we
have
aij = 〈χρχi, χj〉 = 〈χj, χρχi〉 = 〈χρ∗χj, χi〉 = a∗ji.
Thus if ρ is self-dual then Aρ(G) is symmetric.
On the other hand, if Aρ(G) is symmetric then a1j = aj1 = a
∗
1j for all j. But
a1j and a
∗
1j are the multiplicities of σj in ρ and ρ
∗ respectively, so ρ and ρ∗ are
isomorphic.
If ρ is the inclusion of a finite subgroup G of SU(2) into GL2(C), then since
SU(2) ⊂ SL2(C), ρ preserves the determinant – a non-degenerate skew-symmetric
bilinear form – and this gives an isomorphism between ρ and ρ∗. Thus Aρ(G) is
symmetric.
It is possible to make a fairly direct argument for why the McKay quivers of finite
subgroups of SU(2) must have no self-loops (and hence no directed self-loops), see
[13, 1(4)(b)]. However, it also follows from the following more general proposition,
which provides us with a broad class of undirected McKay quivers.
Proposition 2.6. If ρ preserves a non-degenerate skew-symmetric bilinear form
then the diagonal entries of Aρ(G) are even.
Proof. If ρ preserves a non-degenerate skew-symmetric bilinear form B, then for
each i, ρ ⊗ σi ⊗ σ∗i preserves the non-degenerate skew-symmetric bilinear form B′
given by
B′(v ⊗ w ⊗ f, v′ ⊗ w′ ⊗ f ′) = B(v, v′)f(w′)f ′(w).
Invariant non-degenerate forms restrict to non-degenerate forms on the fixed-point
subspace, which is the isotypic component of the trivial representation σ1. Since
non-degenerate skew-symmetric forms exist only on even-dimensional vector spaces,
dim(ρ⊗ σi ⊗ σ∗i )[σ1] = 〈χρχiχ∗i , χ1〉 = 〈χρχi, χi〉 = aii is even.
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Example 2.7. Suppose that G is the binary dihedral group of order 12, with pre-
sentation
G =
〈
x, y,−1 | x2 = y3 = (xy)2 = −1〉 ,
where −1 denotes a central element of order 2. Then G has six irreducible repre-
sentations σ1, . . . , σ6 with corresponding characters χ1, . . . , χ6 shown in Figure 1.
class 1 −1 x −x y y2
# 1 1 2 2 3 3
χ1 1 1 1 1 1 1
χ2 1 1 −1 −1 1 1
χ3 1 −1 i −i −1 1
χ4 1 −1 −i i −1 1
χ5 2 2 0 0 −1 −1
χ6 2 −2 0 0 1 −1
Figure 1: The character table of the binary dihedral group of order 12.
Figure 2 shows three McKay quivers of G overlaid on the same vertex set: Γσ3(G),
Γσ5(G), and Γσ6(G). Since σ3 is not self-dual, Γσ3(G) is directed. Since σ5 is self-
dual, Γσ5(G) is invariant under edge reversal; however, it has directed self-loops.
Since σ6 preserves a non-degenerate skew-symmetric form (as can be verified by the
Frobenius-Schur indicator), Γσ6(G) is undirected.
Figure 2: Three McKay quivers of the binary dihedral group of order 12: Γσ3(G) is
in dotted black; Γσ5(G) is in solid purple; Γσ6(G) is in dashed pink.
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3 Connectivity
A priori, when considering directed McKay quivers, we must distinguish between
the notions of strong connectivity – the existence of a path from vi to vj for any
choice of vertices vi and vj – and weak connectivity – the connectivity of the
undirected graph that results from forgetting the direction of the edges. Since a
union of two strongly/weakly connected subquivers with a vertex in common is
strongly/weakly connected, strongly/weakly connected components – that is, maxi-
mal strongly/weakly connected subquivers – split the vertices of a quiver into disjoint
subsets.
However, we will ultimately see that strongly and weakly connected components of
Γρ(G) coincide. Letting N = ker ρ and writing ↓N for the restriction of a represen-
tation or character to N , we will show the following.
Proposition 3.1. The following are equivalent:
1. vi and vj lie in the same strongly connected component.
2. vi and vj lie in the same weakly connected component.
3. χi ↓N and χj ↓N are multiples of each other.
To prove Proposition 3.1, and other results in this section, we will rely heavily on
the following lemma.
Lemma 3.2. There is a walk of length L ≥ 0 from vi to vj in Γρ(G) if and only if
[ρ⊗L ⊗ σi : σj] ≥ 1, where [− : σj] denotes the multiplicity of σj in a representation
of G.
Proof. The proof is by induction, with the L = 0 case trivial. A walk of length
L ≥ 1 from vi to vj is equivalent to a walk of length L − 1 from vi to a vertex vk
such that [ρ⊗ σk : σj] ≥ 1. Using our inductive hypothesis, this is equivalent to the
existence of k such that [ρ⊗(L−1)⊗σi : σk] ≥ 1 and [ρ⊗σk : σj] ≥ 1, which is in turn
equivalent to [ρ⊗L ⊗ σi : σj] ≥ 1.
Let δ1 be the class function whose value on the identity element 1 is 1 and whose
value on all other group elements is 0. Our first application of Lemma 3.2 was
observed by McKay [11], but we will give a proof that we will be able to modify to
prove a more general result (Proposition 3.4).
Proposition 3.3. If ρ is faithful then Γρ(G) is strongly connected.
Proof. If ρ is faithful, then δ1 =
∑
µlχ
l
ρ for some finite collection of µl ∈ C (this is
due to Burnside [2, XV.IV]). Then for any i, j, we have
〈δ1χi, χj〉 =
∑
µl
〈
χlρχi, χj
〉
.
Since the left hand side is non-zero,
〈
χlρχi, χj
〉
is non-zero for some l, there is a walk
from vi to vj.
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In the non-faithful case, since ρ descends to a faithful representation of G/N , we
can replace δ1 by δN in the above proof, giving the following:
Proposition 3.4. If χi ↓N and χj ↓N are multiples of each other, then there is a
walk from vi to vj.
The converse of the above proposition is also true, though we will require Clifford’s
Theorem [5, Theorem 1] to prove this.
To state Clifford’s Theorem, let G be a finite group, N a normal subgroup of G, and
S1, . . . ,Sm the non-isomorphic irreducible representations of N over C. There is a
G-action on {S1, . . . ,Sm} given by (g · Si)(n) = Si(g−1ng).
Proposition 3.5 (Clifford’s Theorem). Let R a be a finite-dimensional irreducible
representation of G over C. Then there is an orbit {Si | i ∈ I} of the G-action on
{S1, . . . ,Sm} and a natural number t such that
R ↓N ∼=
(⊕
i∈I
Si
)⊕t
.
Proposition 3.6. If there is a walk from vi to vj then χi ↓N and χj ↓N are multiples
of each other.
Proof. Let {τ1, . . . , τm} be the non-isomorphic irreducible representations of N over
C. By Clifford’s Theorem, we have
σi ↓N∼=
(⊕
α∈I1
τα
)⊕t1
and σj ↓N∼=
(⊕
β∈I2
τβ
)⊕t2
for some orbits {τα | α ∈ I1} and {τβ | β ∈ I2} of the G-action on {τ1, . . . , τm} and
natural numbers t1, t2. These orbits are either disjoint, or I1 = I2.
If there is a walk from vi to vj then for some L ≥ 0 there is a subrepresentation
of ρ⊗L ⊗ σi isomorphic to σj, by Lemma 3.2. Hence there is a subrepresentation of
(ρ⊗L ⊗ σi) ↓N isomorphic to σj ↓N . Writing 〈−,−〉N for the inner product on class
functions of N , we therefore have〈
(χLρχi) ↓N , χj ↓N
〉
N
≥ 1. (1)
Since χLρ ↓N is a multiple of the trivial character of N , we have
〈χi ↓N , χj ↓N〉N ≥ 1,
so the orbits {τα | α ∈ I1} and {τβ | β ∈ I2} cannot be disjoint. Thus I1 = I2, so
χi ↓N and χj ↓N are multiples of each other.
Propositions 3.4 and 3.6 combine to prove Proposition 3.1.
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Proof of Proposition 3.1. Proposition 3.4 gives 3 =⇒ 1 and Proposition 3.6 gives
2 =⇒ 3. Finally, 1 =⇒ 2 since strongly connected components are contained in
weakly connected components.
Since strongly and weakly connected components of Γρ(G) coincide, we will here-
after use the term connected component to refer to either. Omitting ρ and G from
our notation for conciseness, let Γ1, . . . ,Γs be the connected components of Γρ(G),
with adjacency matrices A1, . . . , As and vertex sets V1, . . . ,Vs ⊂ {v1, . . . , vr} respec-
tively.
We now turn to the question of how many connected components Γρ(G) has. Here,
we will use a result from linear algebra known as the Perron-Frobenius Theorem,
originally due to Perron [12] and extended from positive to non-negative matrices
by Frobenius [7].
Definition 3.7. An n× n matrix X is called irreducible if there is no permutation
matrix P such that PXP−1 is block upper-triangular; equivalently in the case that
the entries of X are non-negative integers, X is irreducible if the corresponding
quiver is strongly connected.
Proposition 3.8 (Perron-Frobenius Theorem). Let X be a real irreducible n × n
matrix all of whose entries are non-negative. Let λ1, . . . , λn be the eigenvalues of
X and let λ := max |λi|1≤i≤n be the spectral radius. Then λ is an eigenvalue of X,
and the corresponding eigenspace Eλ is one-dimensional. Moreover, Eλ contains a
vector all of whose components are positive, and no other eigenspace of X contains
such a vector.
Corollary 3.9. If a strongly connected quiver Q is k-weightable for some positive
integer k, then the spectral radius of A(Q) is k, its k-eigenspace is one-dimensional,
and Q is not k′-weightable for any k′ 6= k.
Proposition 3.10. The number of connected components of Γρ(G) is equal to the
number of conjugacy classes of G contained in N .
Proof. By Proposition 2.3, the number of conjugacy classes of G contained in N is
the multiplicity of dim ρ as an eigenvalue of Aρ(G).
Each connected component Γi of Γρ(G) is (dim ρ)-weightable by restricting the
weighting vj 7→ dimσj to Vi. Thus by Corollary 3.9, the (dim ρ)-eigenspace of Ai is
one-dimensional. Since Aρ(G) is a block diagonal matrix with blocks A1, . . . , As,
the multiplicity of its (dim ρ)-eigenspace is the sum of the multiplicities of the
(dim ρ)-eigenspaces of A1, . . . , As, which is the number of connected components
of Γρ(G).
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4 The connected components
Call the connected component containing v1 the principal component of Γρ(G). The
representation ρ descends to a representation ρ0 : G/N → GL(V ) of G/N , and it is
clear that the principal component is just the McKay quiver Γρ0(G/N).
The other connected components are harder to describe in general. In certain cases,
this can be resolved using the following general property of McKay quivers.
Lemma 4.1. The dual group G∨ of G acts on Γρ(G) by quiver automorphisms, via
an action that is simply transitive on the vertices corresponding to one-dimensional
representations.
Proof. The dual group G∨ acts on the irreducible characters of G by pointwise
multiplication, and this action is simply transitive on G∨ since it is a group. Because
the vertices of Γρ(G) are in correspondence with the irreducible characters of G,
this defines an action of G∨ on the vertices of Γρ(G) that is simply transitive on the
vertices corresponding to one-dimensional representations. This action is by quiver
automorphisms since for χ ∈ G∨ and i, j ∈ {1, . . . , s}, we have
〈χρχi, χj〉 = 〈χρ(χχi), (χχj)〉 .
Proposition 4.2. Any connected component of Γρ(G) containing a vertex corre-
sponding to a one-dimensional representation is isomorphic to the principal compo-
nent. In particular, if G is abelian then all the connected components of Γρ(G) are
isomorphic.
Proof. Immediate from Lemma 4.1.
Another notable case in which the other connected components are the same as
the principal component is when G is a direct product of N and a complementary
normal subgroup H.
Proposition 4.3. Suppose that G = N ×H for a complementary normal subgroup
H. Then all the connected components of Γρ(G) are isomorphic.
Proof. If {σi | i ∈ I} and {σj | j ∈ J} are the sets of irreducible representations of
G that factor through G/N and G/H respectively, then a complete set of irreducible
characters of G is given by
{χiχj | i ∈ I, j ∈ J}.
Then using Proposition 3.1, the sets of irreducible characters corresponding to con-
nected components are of the form {χiχj | i ∈ I} for j ∈ J . Fix j ∈ J . Then for
i1, i2 ∈ I, we have
〈χi1χρ, χi2〉 = 〈χi1χjχρ, χi2χj〉 .
Thus multiplication of {χi | i ∈ I} by χj induces a quiver automorphism from
the principal component to the connected component in correspondence with the
irreducible characters {χiχj | i ∈ I}.
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5 Reduced (dim ρ)-weightings
In general, the other connected components may not be the same as the principal
component. In particular, we will give an example of a connected component of
a McKay quiver that does not arise as a McKay quiver in its own right (Example
5.3).
However, this will require some method of showing that a given quiver is not the
McKay quiver of any faithful representation. We know that McKay quivers of faith-
ful representations are strongly connected and (dim ρ)-weightable – but so are con-
nected components of McKay quivers. We will solve this problem by considering
reduced weightings.
Definition 5.1. For a quiver Q and a positive integer k, a reduced k-weight vector
of Q is a k-weight vector whose components share no non-trivial common factor.
The corresponding k-weighting is a reduced k-weighting.
From the Perron-Frobenius Theorem, we see that a strongly connected k-weightable
quiver has a unique reduced k-weight vector. In the case of McKay quivers of
faithful representations, the reduced (dim ρ)-weighting is just the dimension vec-
tor (dimσ1, . . . , dimσr). Since a strongly connected k-weightable quiver is not k
′-
weightable for any k′ 6= k, we observe:
Proposition 5.2. If ρ is faithful then we can determine (dimσ1, . . . , dimσr) from
Γρ(G) as its unique reduced k-weight vector for any k.
As a corollary, if a strongly connected quiver has a reduced weighting whose weights
are not the multiset of dimensions of the irreducible representations of a finite group
then it is not a McKay quiver. For example, the quiver in Figure 3 is 3-weightable
with reduced weights 2 and 3; since 1 (the dimension of the trivial representation)
is not one of the reduced weights, the quiver is not a McKay quiver.
Figure 3: A 3-weightable quiver with reduced weights 2 and 3. Since {2, 3} is not
the multiset of dimensions of irreducible representations of any finite group, this
quiver is not a McKay quiver.
Proposition 5.2 also allows us to determine which vertices of a McKay quiver cor-
respond to one-dimensional representations, and by Lemma 4.1, there is a quiver
automorphism that sends any such vertex to any other such vertex. Thus, if a
strongly connected k-weightable quiver has two vertices of reduced weight 1 and no
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quiver automorphism that sends one to the other, then this is not a McKay quiver;
see Figure 4 for an example.
Figure 4: A 2-weightable quiver with reduced weights 1, 1 and 1. Since there is no
quiver automorphism sending the centre vertex to either of the other vertices, this
quiver is not a McKay quiver.
We can now give an example of a McKay quiver with a connected component that
is not itself the McKay quiver of a faithful representation.
Example 5.3. Consider the binary dihedral group of order 24,
G =
〈
x, y,−1 | x2 = y6 = (xy)2 = −1〉 ,
where −1 denotes a central element of order 2. The irreducible characters χ1, . . . , χ9
of G are shown in Figure 5; let σ1, . . . , σ9 be representations of G with these char-
acters. The McKay quiver Γσ7(G) is shown in Figure 6. The right-hand connected
component is the 2-weightable quiver in Figure 4, which is not a McKay quiver.
class 1 −1 x xy y y2 y3 y4 y5
# 1 1 6 6 2 2 2 2 2
χ1 1 1 1 1 1 1 1 1 1
χ2 1 1 1 −1 −1 1 −1 1 −1
χ3 1 1 −1 1 −1 1 −1 1 −1
χ4 1 1 −1 −1 1 1 1 1 1
χ5 2 −2 0 0
√
3 1 0 −1 −√3
χ6 2 −2 0 0 −
√
3 1 0 −1 √3
χ7 2 2 0 0 1 −1 −2 −1 1
χ8 2 2 0 0 −1 −1 2 −1 −1
χ9 2 −2 0 0 0 −2 0 2 0
Figure 5: The character table of the binary dihedral group of order 24.
Figure 6: The disconnected McKay quiver Γσ7(G).
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Aside from allowing us to rule out various strongly connected weightable quivers as
McKay quivers, Proposition 5.2 tells us that two finite groups can only share a con-
nected McKay quiver if their irreducible representations have the same dimensions.
In fact, the converse is also true, as we see from the following observation.
Proposition 5.4. The McKay quiver of the regular representation of a finite group
depends only on the multiset of dimensions of its irreducible representations.
Proof. Suppose that ρ is the regular representation of G. Then for any i, j,
xij = 〈χρχi, χj〉 = (dimσi)(dimσj).
Thus any bijection between two McKay quivers of regular representations that pre-
serves the dimension of the representation corresponding to each vertex is a quiver
isomorphism.
Since it is possible for two non-isomorphic groups to share the same multiset of
dimensions of their irreducible representations – for example, any two abelian groups
of the same order – Proposition 5.4 implies that non-isomorphic groups can have
isomorphic McKay quivers.
Combining Proposition 5.2 with Proposition 5.4, we have:
Proposition 5.5. Let G1 and G2 be finite groups. There exist faithful representa-
tions ρ1 of G1 and ρ2 of G2 such that Γρ1(G1)
∼= Γρ2(G2) if and only if the irreducible
representations of G1 and G2 have the same dimensions (counted with multiplicity).
Proof. The forward implication is Proposition 5.2; the backward implication follows
directly from Proposition 5.4.
6 Weightable quivers that are not connected com-
ponents
As we have seen, there are connected components of McKay quivers that are not
McKay quivers in their own right. Can any strongly connected weightable quiver
be a connected component of a McKay quiver? We end this paper with an example
that answers this question in the negative: there are strongly connected weightable
quivers that cannot be connected components of McKay quivers.
In order to show that a strongly connected quiver Q is not a connected component
of a McKay quiver, we will look at the characteristic polynomial of A(Q), making
use of the following observation.
Proposition 6.1. The characteristic polynomial fAi of the adjacency matrix Ai of
a connected component Γi of a McKay quiver Γρ(G) is always solvable by radicals.
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Proof. The eigenvalues of Aρ(G) are sums of roots of unity, since they are character
values by Proposition 2.3. The eigenvalues of Ai are a subset of the eigenvalues
of Aρ(G); this is because any eigenvector of Ai can be extended by zero to an
eigenvector of Aρ(G).
Thus the splitting field of fAi is contained in a field of the form Q(ζ1, . . . , ζm), where
ζ1, . . . , ζm are roots of unity, which is a radical extension of Q, so fAi solvable by
radicals.
We now give an example of a strongly connected weightable quiver whose adjacency
matrix has a characteristic polynomial that is not solvable by radicals.
Example 6.2. Let γ be the 8-weightable undirected quiver shown in Figure 7, with
the reduced 8-weighting shown in blue.
Figure 7: The 8-weightable undirected quiver γ.
The characteristic polynomial of the adjacency matrix of γ is
fγ(x) = (x− 8)(x5 + 2x4 − 44x3 − 40x2 + 400x+ 128).
The Galois group of x5 + 2x4 − 44x3 − 40x2 + 400x+ 128 over Q is S5, which is not
solvable.
A polynomial is solvable by radicals if and only if its Galois group is a solvable.
Hence, fγ is not solvable by radicals, and so γ cannot be a connected component of
a McKay quiver.
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